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ABSTRACT
We use dynamical models that include bulk rotation, velocity dispersion anisotropy and both
stars and dark matter to explore the conditions that give rise to the early-type galaxy scaling
relations referred to as the Fundamental Plane (FP) and Manifold (FM). The modelled scaling
relations generally match the observed relations and are remarkably robust to all changes
allowed within these models. The empirical relationships can fail beyond the parameter ranges
where they were calibrated and we discuss the nature of those failures. Because the location
of individual models relative to the FP and FM is sensitive to the adopted physical scaling of
the models, unconstrained rescaling produces a much larger scatter about the scaling relations
than that observed. We conclude that only certain combinations of scaling values, which define
the physical radial and kinematic scale of the model, produce low scatter versions of the FP
and FM. These combinations further result in reproducing a condition observed previously
for galaxies, rcρ0 = constant, where rc is the scaling radius and ρ0 is the central density.
As such, we conclude that this empirical finding and global galaxy scaling relations are not
independent and that finding the physical cause of one should lead to the solution to the other.
Although our models are strictly for pressure supported galaxies, these results may well hold
generally because the central density constraint was first identified in dwarf spheroidals but
later extended to rotating giant galaxies and the FM applies to galaxies of any morphological
type and luminosity class.
Key words: galaxies: general, structure, kinematics and dynamics
1 INTRODUCTION
We are surprised by the success of galaxy scaling relations, sus-
pecting that Nature deftly executed a subtle swindle. The key is,
of course, the nature of our expectations. In truth, those expecta-
tions are poorly defined and even less well-justified. We have no
ab initio analytic physical model of galaxy evolution that works
in sufficient detail to provide predictions for scaling relations and
numerical simulations of galaxy evolution and formation are only
acceptable to us when they reproduce the observed relations. As
such, should we be surprised by the scaling relations’ success? In
this paper, we utilise simple dynamical models of stellar systems,
with and without dark matter, to explore the degree to which we
should have expected the unexpected and to examine the root cause
of the relations.
Among the most stringent of the various galaxy scaling re-
lations are those that connect galaxies sizes and luminosities to
their internal kinematics. Widely used relations include the Tully-
Fisher relation (TF; Tully & Fisher 1977) for disk galaxies and the
Fundamental Plane (FP; Djorgovski 1987; Dressler et al. 1987) for
spheroidal galaxies. Various attempts to unify and extend these re-
lations exist (for example see Burstein et al. 1997), but we focus
here on a straightforward extension of the FP that both unifies these
into a single relation and extends the reach of the scaling relation
to low mass galaxies and globular clusters (referred to as the Fun-
damental Manifold, hereafter FM; Zaritsky, Gonzalez & Zabludoff
2006; Zaritsky, Zabludoff & Gonzalez 2007). Both the FP and FM
relate the size, using the half-light radius (rh), the internal kine-
matics (V ), using either or both of the rotational velocity (vh) and
line-of-sight velocity dispersion (σh) at the half-light radius, and
the stellar concentration, using the surface brightness within the
half-light radius (Ih).
Because it is possible, with assumptions, to trace the origin
of these relations to the Virial Theorem (for one such discussion
see Zaritsky 2012), it is natural to suspect that the scaling rela-
tions are merely a restatement of the Virial equilibrium of the cen-
tral portion of galaxies. However, there are various reasons why
the Virial theorem, which is valid for average measurements over
the entire system, could grossly fail to predict the tight empiri-
cal sequence of galaxies within the V − rh − Ih space. Further-
more, galaxies are not structurally homologous (for example, see
Bertin, Ciotti & Del Principe 2002), and therefore the scaling re-
lations, and related mass estimators require that any differences
among the galaxies, in their structure, dark matter content, or stel-
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lar mass-to-light ratio, be either minor or captured by coordinated
changes in V , rh, or Ih. Variations among galaxies in their struc-
ture that cannot be captured by a function of V , rh, and Ih will
result in scatter in the TF, FP, and FM.
Significant effort has preceded this work in establishing and
validating mass estimators, which can be related, but are not identi-
cal, to scaling relations (Cappellari et al. 2006; Walker et al. 2009;
Wolf et al. 2010). To be more specific about the distinction between
the two, mass estimators relate a velocity measurement, typically
the dispersion, and radius, typically the half-light radius, rh, to
the mass. The final estimators are independent of the luminosity
or surface brightness of the stellar system, although arriving at a
decision on the appropriate radius or aperture for the velocity dis-
persion measurement is often informed by the surface brightness
profile (see, for example, Agnello, Evans & Romanowsky 2014).
On the other hand, scaling relations such as the FP, TF, and FM
may in principle incorporate luminosities or surface brightnesses
and by doing so depend on the efficiency of star formation, the star
formation history, mass loss from either stellar or AGN feedback,
metallicity, and so forth. It is entirely possible for a stellar system to
lie far from standard scaling relations, if, for example, it lost 99%
of its primordial baryons, and for the mass estimator to produce an
accurate mass estimate. Scaling relations reflect patterns of evolu-
tion beyond simple dynamics.
However, well-known scaling relations fail in certain
regimes. For example, the FP cannot be directly extended to
low mass systems such as globular clusters and some ex-
treme dwarf galaxies (Burstein et al. 1997; Forbes et al. 2008;
Zaritsky, Zabludoff & Gonzalez 2011). Numerical simulations ap-
peal to feedback processes to produce dwarf galaxies with re-
alistic properties (see Governato et al. 2010; Sawala et al. 2010;
Simpson et al. 2013, for some examples) and to match the numer-
ical abundance of such systems (Sawala et al. 2013). Even empir-
ical studies, which are based on abundance matching, suggest that
the baryonic content of low mass systems is low (Papastergis et al.
2012). However, the existence of smoothly varying, low scatter,
scaling relations argues against strongly stochastic, highly non-
linear physics.
Simple dynamical models of stellar clusters and galaxies pro-
vide one framework within which to quantitatively investigate how
difficult it is to produce tight scaling relations without appealing to
baryonic physics. In particular, we desire to develop intuition for
how much tuning is necessary to produce a scaling relation of the
observed character within these simple models. Although analytic
models are limited in the degree to which they match reality, lack-
ing a connection to cosmologically-linked galaxy evolution, they
provide great flexibility and enable us to efficiently probe a wide
range of parameter space, including even “galaxies” with charac-
teristics beyond those found in reality. Can simple dynamical mod-
els reproduce the range of stellar systems we observe, or do scaling
relations also point to additional baryonic physics? Is the result of
such physics easily described as a simple constraint?
Identifying an appropriate analytic model to use requires
defining a distribution function (DF) that provides a reasonably re-
alistic description of stellar systems. With the DF in hand, we can
calculate any observational parameter related to the galaxy’s struc-
ture and kinematics. However, self consistent models, where the DF
defines a mass distribution that gives rise to the gravitational poten-
tial used in the DF, are uncommon and have yet to reproduce the
full broad range of features observed in galaxies. Of course, we ob-
serve much more detail in galaxies than is considered within scaling
relations (for example, the existing scaling relations ignore devia-
tions from elliptical isophotes for ellipticals (Bender et al. 1989)
and m > 1 Fourier components in disks (Franx & de Zeeuw 1992;
Rix & Zaritsky 1995)). Perhaps our models do not need to repro-
duce such features if we use them only to test scaling relations.
Instead of demanding that we identify the correct, or even optimal,
DF before proceeding, we choose to use the simplest plausible one
with sufficient freedom to allow varying the parameters of interest
(vh, σh, rh, and Ih).
Work along these lines, in particular to produce self-consistent
dynamical models that match the observed properties of ac-
tual, individual galaxies, exists in the literature. A directly rele-
vant example is the work of Bertin, Saglia & Stiavelli (1992) and
Saglia, Bertin & Stiavelli (1992). Those authors chose a particular
DF that includes rotation, explored the characteristics of those mod-
els, and determined whether such models reproduced real galaxies.
They find good correspondence between their models, with differ-
ent dark matter fractions within the luminous regions, and giant
galaxies. As such these models must also satisfy the scaling re-
lations. Separately, McLaughlin (2000) followed an analogous ex-
ploration of globular clusters and spherical, isotropic models. How-
ever, for our purpose of exploring the full range of galaxy masses
from giants to dwarf spheroidal galaxies and globular clusters, a
large range of rotational to pressure support, and the flattening
due to velocity dispersion anisotropy, these models do not go far
enough. Furthermore, for our goal of exploring the scaling relations
we want to also test models that do not match known galaxies. Are
the scaling relations something that falls out naturally from the dy-
namics, whether or not analogous galaxies exist, or must whatever
other processes are responsible for creating galaxies with a limited
set of characteristics, such as feedback and self-regulating star for-
mation, also play a key role?
A critical component of our work here are the models of
Wilson (1975), which are built on a distribution function that in-
cludes the component of the angular momentum per unit mass
about the symmetry axis, Jz , because these models produce sys-
tems with differential rotation and isophote flattening, both of
which are present among the full set of early-type galaxies. By al-
lowing for the possibility of bulk rotation that is radially differen-
tial, they provide a distinct advantage over precursor non-rotating
King-Michie models (King 1966) in their approximation of realis-
tic galaxies, but are otherwise simple and have no additional free
parameters beyond the two introduced to generate these character-
istics1. Wilson noted that his model could easily be extended to in-
clude multiple stellar populations. He envisioned that such models
would be useful in exploring age or metallicity gradients in early-
type galaxies. However, rather than modelling multiple stellar pop-
ulations, we use this idea to include a dark matter component. Be-
cause DFs depend on the mass density rather than the individual
particle masses, our ignorance regarding the nature of the dark mat-
ter particle is not a weakness here. We appreciate that the Wilson
DF does not reproduce many key features of early type galaxies,
such as triaxiality and figure rotation, and that more sophisticated
attempts at deriving a more accurate DF exist (de Zeeuw & Franx
1991); however, any increase in sophistication beyond the Wilson
DF necessarily involves additional parameters and complexity for
1 Wilson introduced two parameters β and ζ . Because the current generally
accepted description of anisotropy uses the notation β, we have replaced the
letter β in the Wilson model with χ. As Wilson explained, ζ is included to
introduce differential rotation in a way that makes it independent of the
energy cutoff.
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which the scaling relations provide insufficient constraint. We opt
to explore the properties of this simplest of models to develop a
rudimentary intuition regarding the scaling relations and identify
which aspects of the model are critical to the existence of scal-
ing relations and which are not. In §2, we summarise the principal
features of the model and fill in where necessary what Wilson did
not present regarding the extension to multiple components. In §3
we present results from models that only have a stellar component
(§3.1) and then from models with both stars and dark matter (§3.2).
We conclude by summarising our findings in §4.
2 DEVELOPMENT AND APPLICATION OF WILSON’S
MODEL
The application of the Wilson models requires that the gravitational
potential be time independent and azimuthally symmetric. There-
fore, two of the integrals of motion areE, the energy per unit mass,
and Jz , the angular momentum about the rotation axis per unit
mass. A valid distribution function is then constructed as a func-
tion of the kinetic energy, the potential energy, and the projection
of the angular momentum onto the rotation axis. In spherical co-
ordinates, (r, θ, φ), with the corresponding velocities vr , vθ , vφ,
then,
E =
1
2
(v2r + v
2
θ + v
2
φ) + U(r, θ),
Jz = r(sin θ)vφ
(1)
where U is the gravitational potential. The DF adopted here is the
extension Wilson suggested of his single component DF to i com-
ponents,
DF(E, Jz) =
∑
i
ni[exp(−αiE)− 1 + αiE]×
exp(χiJz −
1
2
ζ2i J
2
z )
(2)
where χi and ζi set the angular velocity profile for the ith com-
ponent, αi sets the relative energy of the components, and ni sets
the relative densities. For a given choice of parameter values, the
model is solved using the implicit iterative approach described by
Wilson, although the numerics we use are in detail different. In
principle, we solve Poisson’s equation and self consistently define
the density field that results in the potential required to define the
DF. This is a well established approach that predates Wilson’s study
(Prendergast & Tomer 1970).
For clarity, we reprise some of the material from Wilson
(1975). The scaling of physical quantities into dimensionless ones
as used in the calculations is achieved by defining
r∗ = rc × r, U∗ = v
2
∗ × U, ρ∗ = ρ0∗/ρ0 × ρ (3)
where the physical variables are distinguished from the dimension-
less quantities by asterisks, ρ0 is the central density, the relation
between ρ0∗, the scaling radius, rc, and the scaling velocity, v∗, is
given as
ρ0∗ =
9
4piG
v2∗
r2c
. (4)
Likewise, the DF parameters, αi, χi, and ζi, in principle have
dimensioned (starred) counterparts to match their dimensioned as-
sociated quantities, E, Jz , and J2z respectively, but they are dimen-
sionless in Eq. 5 and beyond where we have transformed all phys-
ical quantities to dimensionless versions. Because we never com-
pare the values of αi, χi, and ζi to observables, the existence of
dimensioned versions is of academic interest and we will simply
quote the numerical values of the dimensionless versions. On the
other hand, to obtain estimates of densities, masses, energies, and
so forth we need to transform those quantities back to their dimen-
sioned counterparts.
As always, moments of the DF result in different measurable
descriptions of the system, such as the stellar density or moments of
the velocity field. Wilson presented the relevant equations for a sin-
gle component model, but left the calculation of the corresponding
multi-component equations as an exercise for the reader. Here we
provide the missing equations. The density of the ith component,
calculated by integrating the distribution function over the veloci-
ties, is
ρi(r sin θ, U) = 2pini
∫ ve
−ve
exp(χir sin θvφ −
1
2
ζ2i r
2 sin2 θv2φ)×
(
1
αi
exp(−αiε)−
1
αi
+ ε−
αiε
2
2
) dvφ,
(5)
where ε = U + 1
2
v2φ, and ve =
√
(−2U), the latter being the
escape velocity. We obtain the moments of the velocity distribution
of the ith component by integrating the DF over the corresponding
velocities,
〈vφ〉i = ρ
−1
i
∫∫∫
v2r+v
2
θ
+v2
φ
6v2e
ni[exp(−αiE)− 1 + αiE]×
exp(χiJz −
1
2
ζ2i J
2
z )vφ dvrdvθdvφ
= 2piρ−1i ni
∫ ve
−ve
exp(χir sin θvφ −
1
2
ζ2i r
2 sin2 θv2φ)×
(
1
αi
exp(−αiε)−
1
αi
+ ε−
αiε
2
2
)vφ dvφ
(6)
〈v2φ〉i = ρ
−1
i
∫∫∫
v2r+v
2
θ
+v2
φ
6v2e
ni[exp(−αiE)− 1 + αiE]×
exp(χiJz −
1
2
ζ2i J
2
z )v
2
φ dvrdvθdvφ
= 2piρ−1i ni
∫ ve
−ve
exp(χir sin θvφ −
1
2
ζ2i r
2 sin2 θv2φ)×
(
1
αi
exp(−αiε)−
1
αi
+ ε−
αiε
2
2
)v2φ dvφ
(7)
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〈v2r〉i = ρ
−1
i
∫∫∫
v2r+v
2
θ
+v2
φ
6v2e
ni[exp(−αiE)− 1 + αiE]×
exp(χiJz −
1
2
ζ2i J
2
z )v
2
r dvrdvθdvφ
= 2piρ−1i ni
∫ ve
−ve
exp(χir sin θvφ −
1
2
ζ2i r
2 sin2 θv2φ)×
(
1
α2i
exp(−αiε)−
1
α2i
+
ε
αi
−
ε2
2
+
αiε
3
6
) dvφ
(8)
Then the projected mean rotational velocity vr and velocity disper-
sion σ can be calculated using the velocity moments (from (Wilson
1975)),
vr = Σ
−1
∫
+∞
−∞
ν〈vφ〉ρ dx (9)
σ2 = Σ−1
∫ +∞
−∞
[(1− ν2)〈v2r〉+ ν
2〈v2φ〉]ρ dx− v
2
r . (10)
Where ν is the geometric factor by which the velocities are pro-
jected onto the line of sight, Σ is the projected surface density, de-
fined as Σ =
∫ +∞
−∞
ρ dx, where x represents distance along the line
of sight. To evaluate quantities in physical units, again following
Wilson (1975), we express the central surface density, total mass,
total potential energy, and total kinetic energy as
Σ0∗ = rcρ0∗/ρ0
∫ +∞
−∞
ρ dx (11)
m∗ =
rcv
2
∗
G
m, W∗ =
rcv
4
∗
G
W, K∗ =
rcv
4
∗
G
K. (12)
To explore how our models reproduce the FP and FM we must
calculate the following quantities from the models: the projected
half stellar mass radius2, which corresponds to the half light radius
because of our adopted constant value of the stellar mass-to-light
ratio, Υ∗, the projected line-of-sight stellar velocity dispersion, we
choose3 to evaluate the average value within rh, the stellar rota-
tion velocity, vr , again averaged within rh which we refer to as vh,
and the mass of the stellar component projected interior to rh, from
which we can calculate Ih using Υ∗. For models that include dark
2 We calculate the projected half light or stellar mass radius using circu-
lar apertures. This choice is often adopted in empirical studies, as done as a
baseline approach by Cappellari et al. (2013). Those authors, however, did a
careful examination of how various possible definitions of the scaling radius
relate to the more physical, gravitational radius. They conclude that result-
ing differences are relatively minor and explain why the classical empirical
choice of the effective radius yields robust scaling relations.
3 Observational studies of the FP typically rescale their observed inte-
grated velocity dispersions to a fixed radius of re/8 using a correction as
advocated by Jorgensen, Franx & Kjaergaard (1995). For our adopted def-
inition this correction would simply rescale all σ by a constant, thereby
affecting the normalization of the relationships. Because we already have
freedom to renormalize the relationships due to the unknown value of Υ we
neglect this rescaling. For observational studies this scaling is more critical
because the effective aperture of each observation is different in units of re
and so the scaling is needed to place the measurements on an equal footing.
matter, we will also calculate the dark matter mass projected inte-
rior to rh, which we need in combination with the stellar mass to
calculate the total mass-to-light ratio within rh, Υh.
The form of the well-known FP (Djorgovski 1987;
Dressler et al. 1987) is
log rh = A log σh −B log Ih +CFP , (13)
where the coefficients, A, B, and CFP , are empirically fit. We
adopt the values of those coefficients presented by a recent deter-
mination (A = 1.49, B = 0.75; Bernardi et al. 2003). The con-
stant CFP is not of particular relevance here because we are free to
choose the mass-to-light ratio for our models, which corresponds to
freedom in setting CFP . This freedom exists throughout this study
and so we are free to shift any of our models vertically in our plots.
Purely translational discrepancies between the models and the data,
to the degree that they can be accounted for by a plausible change
in the mass-to-light ratio, are meaningless. For models including
only stars, this constraint is fairly stringent and set by stellar popu-
lation models, but for models that include dark matter a wide range
of values, corresponding to variations in total M/L from values of
a few to ∼ 100 at least (Mateo 1998), is plausible. In comparison,
the FM is given by
log rh = 2 log V − log Ih − log Υh + CFM (14)
where V ≡
√
(σ2h + v
2
h/2), the dependence on the mass-
to-light ratio is made explicit, and CFM is a constant
(Zaritsky, Zabludoff & Gonzalez 2007). Again, translations of the
models can be affected through the choice of Υ.
Although we can calculate Υh in our models, in practice Υh is
generally not known or easily measurable. Variations in Υh among
galaxies have either been implicitly fitted out, as done when deriv-
ing the coefficients of the FP, or are accounted for using an em-
pirical fitting formula for Υh, Υfit, as done for the FM (Zaritsky
2012). The principal assumption in either case is that variations in
Υh are sufficiently well described using a function that depends
only on V , rh, and Ih. When placing the models calculated here
on the FM, we will take two approaches. First, we will use the Υh
evaluated directly from our models (for an adopted Υ∗) and we re-
fer to this version of the FM as the theoretical FM (TFM). Second,
we will use the Υh estimated by calculating Υfit and we refer to
this version of the FM as the empirical FM (EFM). We adopt the
empirical fitting function for Υfit provided by Zaritsky (2012) and
do not recalibrate it from our models. The use of the two different
approaches helps us examine the degree to which the empirical fit-
ting function happened to remove not only variations in Υh but also
to inadvertently remove variations in structure that can be tracked
using V , rh or Ih.
3 RESULTS
We structure our discussion of the results by stepping through them,
beginning with the single component (stellar) models. We discuss
the role of various parameters with respect to the placement of stel-
lar systems on the FP and FM. Then we progress to explore the
two-component (stellar + dark matter) models, again focusing on
the role of various parameters on the placement of systems on the
FP and FM. Particularly for the star + dark matter models, we com-
pare the properties of our model systems to the broad characteris-
tics of galaxies to ensure that we are examining analogous systems,
but we do not attempt to match specific galaxies. For the FM, we
present results using both the model calculated value of Υh, the
c© 2015 RAS, MNRAS 000, 1–??
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TFM, and the empirical value obtained using the fitting function,
the EFM. To the degree that the results are the same from these
two approaches, that agreement confirms the interpretation of the
empirical fitting function as descriptive of Υh. To the degree that
the results differ, that disagreement highlights other systematic be-
haviour, for example in the spatial structure, that can be described
as a function of V , rh, and Ih and that has been unwittingly cap-
tured within the empirical fitting function.
It is important to appreciate that we are dealing with two
kinds of adjustable parameters in our models. The first are those
directly related to physical quantities, such as the scaling radius,
rc. The scaling between the dimensionless versions of these param-
eters used in the calculations and the dimensional versions of the
real world have been presented in the previous section. However,
changes in these quantities mean that the systems we are model-
ing can span a range of different real-world systems, from dwarf
spheroidal galaxies to giant ellipticals. Such changes, in a cosmo-
logical simulation of galaxy formation, will also correspond to dif-
ferent evolutionary histories, environments, and could span a range
of masses where different baryonic processes, such as stellar feed-
back vs. AGN feedback, are key. The second are those related to
the internal structure of the model (α, χ, ζ). Altering these affects
the kinematic and spatial structure of the stellar system, but to first
order such models represent the same type of galaxy. Even though
choice of χ and ζ affect the rotational properties and flattening of
the model, these models are not able to represent disk galaxies and
so we are limited to early-type galaxies.
3.1 Models with stars only
3.1.1 Spherical and isotropic velocity dispersion
We begin by discussing models that are spherical and have isotropic
velocity dispersions obtained by setting χ and ζ to be 0. These
models are spherical, tidally truncated models of the King-Michie
type. For completeness, we note that we set α1 and n1 to 1 in these
single component models. As we make the central potential, U0,
deeper (more negative), the profile progresses from that represen-
tative of a globular cluster, with a relatively lower concentration
and sharper tidal boundary, to that more representative of elliptical
galaxies, with something reminiscent of a de Vaucouleur’s r1/4 pro-
file. The density profiles for different central potentials are shown in
Figure 1. Independent of U0, the density remains roughly constant
for the smallest radii. This plot reproduces results known since the
work of King (1962) and is only provided for reference.
We now calculate the properties of these models varying both
U0 (from −12 to −6) and rc (from 0.1 to 4.6 kpc, broadly repre-
senting all early-type galaxies from dwarf spheroidal, to compact
elliptical, to giant elliptical) and place them on the FP and FM
in Figure 2. The results illustrate several key points. First, an ob-
served range in rh among a set of stellar systems can reflect either
a change in the scaling radius, rc, for a fixed potential or a change
in the central potential for a fixed rc (combinations of the two are
also allowed). Galaxies of different sizes along a scaling relation
can therefore, in principle, be either larger (or smaller) versions of
the same class of object, that is with the same U0 and hence similar
density profile, but with different rc, or galaxies with different con-
centrations, as reflected by varying values of U0, but with similar
rc. We step through our results for completeness, although many
other studies have reflected on many of the same points in other
contexts (see for example, Saglia, Bertin & Stiavelli 1992).
Second, these simple models easily fill portions of parameter
Figure 1. Relative density profiles for models with the rotational parameters
of Wilson’s (1975) Model A (χ = 0.133 and ζ = 0.067), rc = 2 kpc and
varying central potential. Lines represent models with U0 = −6 (dots),
−8 (dot-dash), −10 (short-dash), and −12 (long-dash) and illustrate the
change in behaviour with changing U0.
space that are beyond those populated by real galaxies. Therefore,
arbitrary combinations of rc and U0 are not created in nature. No
single set of models with a fixed central potential depth can explain
the range of systems along the FP or FM because changes in rc
eventually move galaxies too far from the scaling relation before
being able to replicate the range of rh (recall that vertical shifts
are allowed by our freedom in setting Υ∗, so we cannot conclude
which choice of rc is “correct” for a particular choice of U0). To
populate the FP or FM with models such as these requires some
coordination between rc and U0.
Third, the observed scaling relations are well matched by
models selected to have different values of U0 and a fixed rc. This
result will also be confirmed as we progress through the models and
suggests that the key to reproducing the galaxy scaling relations lies
in constraining the range of the scaling parameter rc.
The models have two scaling parameters, rc and v∗. We just
described how varying rc can help the models cover the parame-
ter space spanned by real galaxies, so one might wonder about the
effect of varying v∗. Varying v∗ enables one to reproduce galax-
ies with a range of velocity dispersions, but it does not result in
moving models within the parameter space of Figure 2 because re-
sulting changes in the 2 log(Vh) term are balanced by changes in
the log Υh term. As such, for our particular purpose of comparing
models with the scaling relations, we can fix or vary v∗ to any value
and not affect our conclusions.
3.1.2 Rotating models with varying χ and ζ
Next we consider the effect of adding rotation, as parametrised by
χ and ζ, on the location of our single population (stellar) models
on the FP and FM. The introduction of nonzero values for these
parameters also results in departures from spherical symmetry so
c© 2015 RAS, MNRAS 000, 1–??
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Figure 2. Isotropic, non-rotating stellar models relative to the FM and FP.
We plot their location relative to the TFM (using the known model value of
Υh) in the top panel, the EFM (using the empirical fitting function for Υh,
Υfit) in the middle panel, and the FP in the bottom panel. Model tracks
represent results for U0 = −6 (black long dash), U0 = −12 (purple solid)
as we vary rc from 0.1 to 4.6 kpc and for rc = 0.1 kpc (red dots), rc = 1
kpc (dark red dot-dash) and rc = 4.6 kpc (blue short dash) as we vary U0
from −6 to −12. The 1:1 line represents the observed scaling relation in
these axes and the width of the line matches the typically observed 0.1 dex
scatter. Because the adopted Υ∗ is arbitrary, we set Υ∗ to a plausible value
of 1. The models may be shifted vertically, by changing the adopted Υ∗, to
produce an optimal match.
viewing angle becomes an additional parameter if one intends to
match individual systems. We vary χ from 0.01 to 0.26, and fix
ζ = 0.067 and rc = 2 kpc. We adopt the value of ζ, and in-
clination (65◦), to match Wilson’s Model A, as plausible values
for a realistic galaxy, and arbitrarily set the scaling radius to our
selected value. Because χ is not an easily interpretable parame-
ter, we note that this range of χ results in a corresponding range
of vh/σh of 0.135 − 1.20 for U0 = −12, 0.041 − 0.926 for
U0 = −10, 0.03 − 0.628 for U0 = −8, and 0.016 − 0.378 for
U0 = −6. As such, these models span the range of vh/σh mea-
sured for elliptical and S0 galaxies (van der Marel & van Dokkum
2007; Bedregal, Arago´n-Salamanca & Merrifield 2006), but, im-
portantly, they do not span the same range of vh/σh for each choice
of U0.
We show where these models land on the FP and FM in Fig-
ure 3. Each line type shows the results of varying a parameter, in
this case χ, for a particular choice of U0. Changes in χ produce
sets of models that are much better aligned with either the FP or
FM than the changes in rc we explored previously. For a fixed
rc, which these models have, changing χ mostly results in models
sliding along the scaling relations. Interestingly, the choice of χ,
and hence the division between systems dominated by rotational or
pressure support, seems to have relatively little effect on the struc-
tural aspects measured by these scaling relations.
We find a better correspondence between the scaling relations
and models when we using the empirical scaling relations rather
than the TFM. This result may be surprising at first, but the em-
pirical fits, either the FP or the EFM, provide a better match to the
observations because hidden systematic structural behaviour (there
are no Υh variations in these models because there is no dark mat-
ter and we adopt a constant Υ∗) has been captured, and removed,
in the empirical relations, demonstrating that Υfit is not entirely
representative of Υh (see also the “weak homology” described by
Bertin, Ciotti & Del Principe 2002). If there is a surprise here, it is
that the non-homologous behaviour produced in our simple models
accurately reproduces that of actual galaxies from previous studies
(Bernardi et al. 2003; Zaritsky 2012). This match bestows a degree
of credibility on the models.
Before proceeding, we confirm that changes in ζ do not affect
these conclusions. We vary ζ from 0.01 to 0.21 and χ is fixed to be
0.133, which again is set to match that used in Wilson’s Model A.
We were unable (to the limits of our model gridding and integration
steps) find acceptable models for the full range of ζ for all of our
range of U0. Acceptable models span ranges of ζ that correspond
to 0.36 6 vh/σh 6 1.35 for U0 = −12.0, 0.285 6 vh/σh 6
0.85 for U0 = −10, 0.20 6 vh/σh 6 0.46 for U0 = −8, and
0.16 6 vh/σh 6 0.22 for U0 = −6. The behaviour of this set of
models is qualitatively similar to that resulting from the variation
of χ, demonstrating that the critical factor is vh/σh. Again we find
that the empirical fits, defined from real systems, for the FP and
EFM, do a remarkable job of addressing the structural differences
we find among our models, suggesting that those fits are not simply
accounting for mass-to-light variations, which do not exist in our
star only models.
Finally, we return to two parameters that we set to be fixed in
these models. First, we explore the dependence of our results on
our choice of viewing angle, or inclination, by examining a range
of inclination from 15 to 75◦, where an inclination of 0 is defined
to mean that we measure the full rotation. As might be expected,
changing the viewing angle results in only modest changes in rh
(from 2.34 to 2.82 kpc in this model) and σ (negligible), but a
large change in vh from 87 to 27 km/s. However, because V is
the combination of σh and vh, the resulting effect of the changes
in vh on where the models land relative to the scaling relations is
mitigated. Following through on a specific example, we compare
a case with low inclination and vh/σh = 1 (for low vh/σh in-
clination does not matter), V =
√
872 + 872/2 to one with high
inclination V =
√
872 + 272/2. The corresponding 2 log V terms
differ by only 0.14, comparable to the observed scatter in the scal-
ing relations. We conclude that our results are relatively insensitive
to our choice of inclination. Second, we explore the dependence
of the models on our choice of rc. Changing our choice of fixed
rc moves the model tracks, but does not change their orientation,
which means that our freedom to move models vertically by al-
tering Υ can remove the difference. We conclude that the model
results are independent of our choice of rc, to the degree that we
are able to realistically manipulate Υ.
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Figure 3. Anisotropic rotator stellar models relative to the FM and FP. We
plot their location relative to the TFM (using the known model value of Υh)
in the top panel, the EFM (using the empirical fitting function forΥh,Υfit)
in the middle panel, and the FP in the bottom panel. Model tracks represent
results for U0 = −6 (large red dot), −8 (dark red dot-dash), −10 (blue
short dash), −12 (black long dash). The 1:1 line represents the observed
scaling relation in these axes and the width of the line matches the typically
observed 0.1 dex scatter. Along each model track, χ varies from 0.1 to 0.26,
with smaller χ resulting in larger rh. For our shallowest potential, U0 =
−6, the models over this range of χ are effectively indistinguishable, so we
designate the entire set with the large red dot. Because the adopted Υ∗ is
arbitrary, we set Υ∗ to a plausible value of 1. The models may be shifted
vertically, by changing the adopted Υ∗, to produce an optimal match.
3.2 Models with stars and dark matter
We now add a second dynamical component to the models that
is intended to represent the dark matter halo. In doing so we
aim to have composite models that are broadly characteristic
of galaxies and therefore match certain key aspects. We choose
to match the ratio of dark matter to stars, MR, and the ra-
tio of dark matter half mass radius to the stellar half mass ra-
dius, RR. A variety of observations guide us, including obser-
vations of rotational curves (Begeman, Broeils & Sanders 1991),
weak gravitational lensing of distant galaxies by foreground struc-
ture (Hoekstra, Yee & Gladders 2002; Mandelbaum et al. 2006),
and dynamics of halo tracers (Zaritsky & White 1994; Prada et al.
2003; More et al. 2009). Considering one particular study as our
guide (Lintott, Ferreras & Lahav 2006), we converge on the loose
criteria that MR > 10. For the constraint on RR we consider the
range of half light radii of typical galaxy samples (1-10 kpc) and a
range of NFW half mass radii for galaxies with 1010 — 1013 M⊙
to define a target range of RR > 5
By construction, because we are adding the dark matter as
an additional component described by the Wilson (1975) DF, our
models do not match closely the dark matter mass density profiles
found from cosmological simulations (Navarro, Frenk & White
1996, hereafter NFW). Therefore, we focus on matching the mass
density profile of the NFW model over the range of radii probed
by the observable stellar dynamics. Deviations in the profile at the
smallest radii are irrelevant for our purposes because there is little
mass there. Deviations at the largest radii are also irrelevant because
they are not probed by the stars within rh.
We provide a comparison of the density and enclosed mass
profiles for what we adopt as our baseline model, obtained by set-
ting χ = 0.133, ζ = 0.067 for the stellar component, χ = 0,
ζ = 0 for the dark component, U0 = −9 and rc = 2 kpc, to an
NFW profile in Figure 4. Our model is evidently a poor match to
the NFW profile, failing to reproduce the cusp-like central distri-
bution and the dark matter extent to large radii. However, the en-
closed mass profiles are similar over about an order of magnitude
in radius, out to a radius of about 60 kpc (log(r/kpc) ≈ 1.8). For
galaxies, rh is typically < 10 kpc and although line-of-sight mea-
surements will include stars at r > rh we expect a small fraction
of the stars within a projected annulus of radius rh to have apoc-
enteric distances as large as 60 kpc. In other words, the bulk of the
stars that contribute to the kinematic measurement will lie within
a radius where the enclosed dark matter mass is reasonably well
approximated. However, the total mass out to the Virial radius (∼
few hundred kpc) in these models is likely to be low by a factor
of ∼ 2 in comparison to a more accurate NFW dark matter profile.
Because of this effect, we drop our target value of MR, although
not quite a factor of two to be conservative, to MR > 7.5.
To probe the large parameter space of different star and dark
matter distributions, we calculate versions of our baseline model
where we vary ni, which affects the relative density of the i compo-
nents, and αi, which affects the relative energy among components.
From the resulting set of models, we highlight those that satisfy our
MR and RR criteria and therefore appear most similar to actual
galaxies. We present the dependence of MR and RR on the choice
of α1 and α2 in Figure 5. The contours in the Figure 5 represent
constant values ofMR andRR obtained with various combinations
of α1 and α2 (in this set of models we set n1 to 50000, n2 is set to
be 0.01). For example, RR is > 9 when α1 ≈ 2.75, α2 > 0.325.
The full range of models explored, regardless of whether they pro-
duce MR and RR that we consider to be rough matches to real
galaxies, produces galaxies that span −0.5 6 log(rh/kpc) < 2
and 0.1 < vh/σh < 0.8. Over this full set of models, the smallest
and largest values of σh differ by 27%.
All of our baseline models, over the range of α1 and α2 sam-
pled, are plotted in Figure 6 and span 1.7 < RR < 10 and
2.8 < MR < 1000. Because of the introduction of dark matter
(DM), Υh is no longer equivalent to Υ∗ but is instead
Υh =
M∗h +M
DM
h
M∗h
×Υ∗ (15)
where M∗h is the projected stellar mass within rh, MDMh is the
projected DM mass within the same radius, and Υ∗ is, as before,
our adopted stellar mass-to-light ratio, which we have set to 1 and
consider to be a constant. We do not change the empirical fitting
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Figure 4. Comparison of our baseline model dark matter density and
enclosed mass profiles with those of an NFW halo. Our chosen model
(U0 = −9, α1 = 2.75, α2 = 0.4; solid line) is a poor match to a cho-
sen NFW profile (rs = 7.7 kpc; dotted line). The profiles are normalised
to each other at rh but are clearly quite different. In the lower panel we
present the corresponding enclosed mass profiles, from which it becomes
evident that differences only become substantial at radii beyond what is typ-
ically probed directly by observations. However, our models, if normalised
to produce the enclosed mass at rh, will underestimate the total mass out to
the Virial radius by a factor of ∼ 2.
formula for Υh, Υfit, because it was calculated using real systems
that contain DM.
In Figure 6 we show that the full range of our baseline mod-
els for our standard adoption of rc = 2 kpc and for rc = 1 kpc.
Even though some of these models are well beyond the range of
parameters of real galaxies, they fit very well on the TFM. Because
structural homology is built into the TFM and because the models
lie tightly along the relation, we conclude that the inclusion of dark
matter does not introduce significant deviations from structural ho-
mology. In contrast, the gross systematic failures of the EFM and
FP for both small and large rh systems, for rc = 2 kpc, demon-
strate the importance of the inclusion of an accurate estimate of
the mass-to-light ratio term in those relations. The value of Υh is
implicit in the FP and explicit in the EFM, but both fail because
they depend on empirical fits to a set of actual galaxies that do not
extend over the full parameter range of our model systems. For ex-
ample, our smallest rh models still have high σh (∼ 150 km/sec)
and so do not match actual galaxies. At large rh we may be seeing
7.5
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0.4
Figure 5. Identifying models that match the properties of galaxies. We have
produced baseline models with various combinations of α1, α2. We plot
contours of the resulting MR and RR . The bottom two dashed lines repre-
sent contours of MR (lower one for MR = 15, upper one for MR = 20).
The other three contours (solid lines) represent RR = 7.5, 8.5 and 9.4, with
the last one being represented by the smallest contour. The Figure demon-
strates that in this set of models the choice of α1 mostly determines RR
while that for α2 mostly determines MR.
a slightly different phenomenon in that there is some empirical evi-
dence that the largest galaxies do deviate from the empirical scaling
relations (Bernardi et al. 2003). The relative success of the TFM in
contrast to the failure of the FP and EFM in this context does not
contradict the reverse result we found previously when exploring
the stellar models by varying U0 and rc. In those cases, changes
in U0 and rc led to structural changes that we proposed were being
implicitly modelled out by the empirical scaling relations. Here, we
have so far only probed the effects of changes in the relative contri-
bution and distributions of luminous and dark matter, for a model
with fixed U0 and rc.
As an aside, because scaling relations can be rewritten as mass
estimators, we note that both the EFM and FP would produce artifi-
cially large values ofΥh for some models with the smallest rh. This
deviation is reminiscent of the situation for the faintest dwarf galax-
ies, in that standard mass estimators result in large values of Υ, but
in those cases values have been vetted using dynamical modeling
(Walker et al. 2009). Here, our smallest galaxies are not galaxies
found in nature, but the cautionary note still stands in extrapolat-
ing simple mass estimators beyond parameters ranges where those
estimators have been validated with detailed studies.
When we do vary U0 or rc and fix our other parameters
(Figures 7 and 8) we confirm the tendencies noted in the origi-
nal non-rotating stellar models. Varying U0 causes the models to
move nearly in parallel to the scaling relations. The only excep-
tions to this statement are found among the extreme models that
do not match observed galaxies and for which the empirical rela-
tions are not expected to work. In contrast, varying rc moves the
systems across the scaling relations. These results confirm that the
key to understanding the scaling relations lies in understanding the
physics that constrain our choices of rc.
As one further test of these results, we also briefly explore
c© 2015 RAS, MNRAS 000, 1–??
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Figure 6. Dark + stellar models relative to the FM and FP. Models span a
range of choices for α1 and α2, resulting in different values of MR and
RR. We plot their location relative to the TFM (using the known model
value of Υh) in the top panel, the EFM (using the empirical fitting function
for Υh, Υfit) in the middle panel, and the FP in the bottom panel. The 1:1
line represents the observed scaling relation in these axes and the width of
the line matches the typically observed 0.1 dex scatter. The blue triangles
represent those models defined as acceptable because they broadly match
the properties of actual galaxies. Red circles represent those models that do
not match. In both cases, adopting rc = 2 kpc. The purple squares represents
all models adopting rc = 1 kpc. We remind the reader that vertical offsets
from observed relation can be removed with a judicious choice of Υ and so
are not to be considered as discriminating. The black solid line represents
models of using another dimensionless parameter set (U0 = −12.0, χ =
0.06 and ζ = 0.02) and rc = 2 kpc. The success of the TFM illustrates
that the inclusion of dark matter does not violate the structural homology
presumed in the FM formalism. The failure of the EFM and FP, particularly
at small rh for rc = 2 kpc, demonstrates that the empirical fits used in
these relations cannot be extrapolated beyond the parameter range used to
calibrate those relations.
the consequences of varying multiple dimensionless parameters si-
multaneously. We have in general avoided varying more than one
parameter because of the added difficulty in interpreting the re-
sults, but one might suspect that the models could behave differ-
ently when multiple parameters are varied in concert. To check this,
we adopt another of Wilson’s models (U0 = −12.0, χ = 0.06 and
ζ = 0.02). We choose this particular model because from those
presented in his Table 3 it is among those with the largest rotational
support and anisotropy, in starkest contrast with the baseline model
we have mostly considered. We then again vary the normalisation
and radial scaling of the dark matter component relative to the stel-
lar component and the resulting models are included in Figure 6.
We have kept rc the same (2 kpc), and the models are nearly indis-
tinguishable from our previous models. This result demonstrates
that degree to which varying internal structural and kinematic pa-
rameters fails to cause significant variations in the scaling relations,
even when multiple parameters are varied and the internal structure
is markedly different.
The finding of a consistent central property among galaxies,
rc, is reminiscent of measurements of a constant enclosed mass or
central surface density within a fixed physical radius (Strigari et al.
2008; Donato et al. 2009; Salucci et al. 2012; Burkert 2015).
Specifically, Donato et al. (2009), Salucci et al. (2012) and Burkert
(2015) find that rcρ0 is a constant. In our models, ρ0 scales with
our choice for the velocity scale normalisation, v∗, and radial scale
normalisation, r∗, through the scaling term ρ0∗ = (9/4piG)v2∗/r2∗.
The Wilson models are initialised such that r∗ = rc. There-
fore, the scaling of the combination of rcρ0 can be expressed as
(9/4piG)v2∗/rc. In the models described so far, we did not vary v∗.
Therefore, if we now impose a requirement that rcρ0 be a constant,
it is equivalent to requiring that rc be constant — which is what we
found necessary to reproduce the scaling relations. We now exam-
ine how allowing changes in v∗ affects this constraint on rc.
Changes in rc and v∗ only cause scalings of the model quanti-
ties, not a change in the density or velocity profiles when those are
expressed in model units. To consider how a model will migrate in
the FM plot we need to determine how rescaling affects the model’s
position in both x and y. The scaling along the x-axis is simple in
that rh will scale directly with the choice of r∗. The scaling along
the y-axis is slightly less straightforward. In the case of the TFM,
the y-axis is 2 log V − log Ih − log Υh − CFM . The last term is
manifestly a constant and so does not affect anything other than
the normalisation, which we leave free to vary. If we consider stel-
lar only systems, then Υh ≡ Υ∗ and so this term too is a constant.
The first term of the expression will evidently scale with v2∗ because
it can be written as log V 2. The second term has a dependence of
mass/radius2, which itself scales as v2∗r∗/r2∗ or finally v2∗/r∗. Be-
cause we showed previously that the empirical constraint of rcρ0 =
constant is equivalent to requiring v2∗/rc to be a constant, this term
is itself a constant. Therefore, the requirement that v2∗/rc is a con-
stant, which comes from requiring that rcρ0 be constant, results
in 2 log V − log rh = constant, which corresponds to a slope = 1
line in the FM space. Therefore, changes in v∗ and rc that maintain
rcρ0 = constant will slide points along the FM. Alternatively, we
could have begun this discussion by requiring the existence of the
FM and recovering the constraint that rcρ0 = constant. In either
way, we see that the two results are related. The argument does not
hold as neatly for the FP, but the FP does not describe the proper-
ties of the dwarf spheroidal galaxies for which the rcρ0 = constant
property was first noticed and so is not as general.
Although this discussion has demonstrated that requiring our
models match the global galaxy scaling relations is equivalent to
the finding rcρ0 = constant, it has not provided a physical explana-
tion for either the existence of the scaling relations or the constancy
of rcρ0. It is worth noting, however, that these two apparently in-
dependent constraints, are in fact dependent and may point to the
same physical cause.
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Figure 7. Dark + stellar models relative to the FM and FP. Models span
−5 < U0 < −12 in steps of ∆U0 = 0.5, with all other parameters re-
maining fixed. We plot their location relative to the TFM (using the known
model value of Υh) in the top panel, the EFM (using the empirical fitting
function for Υh, Υfit) in the middle panel, and the FP in the bottom panel.
The blue triangles represent what we have defined as acceptable models in
that they match broadly the properties of actual galaxies and the red circles
represent models that do not match those properties. The 1:1 line represents
the observed scaling relation in these axes and the width of the line matches
the typically observed 0.1 dex scatter. The models may be shifted vertically,
by changing the adopted Υ∗, to produce an optimal match. With the excep-
tion of some models with small rh that lie beyond the parameter range used
to obtain the empirical relations, changes in U0 cause the models to slide
nearly parallel to the relations.
4 CONCLUSIONS
We have utilised dynamical models of early type galaxies first pre-
sented by Wilson (1975) to explore the origin of some common
scaling relations. In particular, these are simple dynamical mod-
els that include rotation and anisotropic velocity dispersions, im-
portant characteristics for many elliptical galaxies, and that in-
corporate multiple dynamical components, a requirement so that
we can include dark matter in addition to stars. The distribution
function defined by these models is self-consistent in that it gives
rise to the host gravitational potential. Given the distribution func-
tion, we calculate the necessary observables including the half
light radius, rh, the velocity dispersion and rotation velocity at
the half light radius, σh and vh, and the mean surface bright-
Figure 8. Dark + stellar models relative to the FM and FP. Models span
1 < rc < 10 kpc in steps of ∆rc = 0.5 kpc, with all other parame-
ters remaining fixed. We plot their location relative to the TFM (using the
known model value of Υh) in the top panel, the EFM (using the empirical
fitting function for Υh, Υfit) in the middle panel, and the FP in the bot-
tom panel. The blue triangles represent what we have defined as acceptable
models in that they match broadly the properties of actual galaxies and the
red circles represent models that do not match those properties. There are
no red circles, demonstrating the choice of rc does not influence MR and
RR. The 1:1 line represents the observed scaling relation in these axes and
the width of the line matches the typically observed 0.1 dex scatter. The
models may be shifted vertically, by changing the adopted Υ∗, to produce
an optimal match. We find that varying rc moves model across the relation,
demonstrating that scatter in rc would be reflected as increased scatter in
the scaling relations.
ness within the half light radius, Ih. These parameters then al-
low us to place these models in the context of the Fundamental
Plane (FP; Djorgovski 1987; Dressler et al. 1987) and Manifold
(FM; Zaritsky, Gonzalez & Zabludoff 2006). We begin our discus-
sion with our simplest models, single component with no rotation
and isotropic velocity dispersions, and continue to our most com-
plicated, containing dark matter and stars and where the stars are
differentially rotating and have anisotropic velocity dispersions.
We investigate the effect of varying a set of parameters includ-
ing the physical scale of the scaling radius (rc), the central poten-
tial (U0), the rotation speed (χ), parameter that quantify the degree
of differential rotation and anisotropy (χ and ζ), and the relative
masses and concentrations of stars vs. dark matter. As we vary each
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Examining early-type galaxy scaling relations using simple dynamical models 11
parameter in turn, we find that changing rc produces the results that
are most discrepant with the existence of the scaling relations. Once
rc is fixed, changing any of the other available parameters princi-
pally moves models along the scaling relations. Because rc acts as
a scaling parameter, the particular choice of rc does not affect the
density or velocity profiles in model units, we find that intrinsically
the models reproduce the scaling relations well.
Among the models that include dark matter, we have some
whose characteristics, such as the mass ratio between dark matter
and stars, do not match actual galaxies. Because these systems are
beyond the range of properties used to produce empirical scaling re-
lations such as the FP and FM, these systems can fail to satisfy the
empirical scaling relations. However, the inclusion of the correct
mass-to-light ratio at the half light radius, Υh, which we can calcu-
late directly from the models, places the system once again back on
the FM. This result confirms the near-homology of the set of model
galaxies and the importance of having the appropriate approxima-
tion for Υh. However, it is quite remarkable that over the range of
systems that do have real-world analogs the empirical relations are
reproduced well by these simple models with no adjustment other
than requiring a fixed value of rc.
Finally, presuming that nature does allow for a large range of
rc, we explore the connection between our results and the empiri-
cal finding that rcρ0 is a constant for galaxies (Donato et al. 2009).
We find that this empirical finding is equivalent, for our models,
to demanding that the models produce a scaling relation consistent
with the FM. As such, the two unrelated observational results are
connected. In other words, a requirement that the models reproduce
a scaling relation would produce rcρ0 = constant and conversely
a requirement that rcρ0 = constant would produce the scaling re-
lations. Which is the driver, and what the physical mechanism is
for imposing it, remain open questions. While there are theoret-
ical efforts to address some of these questions (see for example
Governato et al. 2012), we show here that these are not indepen-
dent constraints and that achieving one may well produce the other.
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APPENDIX A: TESTING THE CALCULATIONS
We now discuss three ways we confirm the reliability and robust-
ness of our models. We present the convergence of our numerical
c© 2015 RAS, MNRAS 000, 1–??
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Table A1. Model Convergence
rN θN IN log(rt) U∞ M∗ K/|W |
[1010M⊙]
50 25 50 2.61 0.124 9.077 0.5100
50 25 250 2.61 0.124 9.077 0.5089
100 25 250 2.65 0.143 7.860 0.5019
250 51 250 2.61 0.162 7.670 0.5014
500 51 500 2.57 0.170 7.360 0.4993
750 51 1000 2.57 0.170 7.355 0.4997
1000 75 1000 2.57 0.170 7.350 0.4997
schemes with regards to how we define our spatial grid and integra-
tion step size, calculate the concurrence of our models with Virial
equilibrium, and compare our results to those presented by Wilson
(1975).
Implementation of any numerical scheme involves a variety of
choices regarding the resolution of the radial and azimuthal grids,
and the integration step size in our numerous numerical integra-
tions. We show in Table A1 the results of one set of our exploration
of the dependence of our results on these choices. For a model with
the parameters of Wilson’s (1975) Model A, we show how values
of the tidal radius in model scale units, rt, the potential at infinite
radius in model units, U∞, and the stellar mass, M∗, depend on
the choice of the number of radial bins, rN , azimuthal bins, θN ,
and integration steps, IN . Based on such tests, we set our standard
models to have rN = 750, θN = 51, and IN = 1000. The consis-
tency among results for values of these parameters larger than the
chosen ones demonstrates that we have achieved convergence for
of our grid definition and integration conventions, at least for this
particular model. Corresponding tests spanning our base parameter
set confirm our choices.
For the second of our tests, we evaluate the ratio of the kinetic
energy, K, to the potential energy, W . This ratio approaches the
theoretically expected value of 0.5 as the precision of our modelling
increases. We find that higher resolution does not alter the results
nor does it improve the approximation to Virial equilibrium. Based
on extensive testing, our technical choices appear to be appropri-
ate for a wide range of models, but are not necessarily appropriate
for all models. For example, models that deviate significantly more
from spherical symmetry than does this model will require a larger
value of θN to properly sample this asymmetry. In practice, if Virial
equilibrium is not confirmed to the level of precision seen for the
best models in Table 1, we revisit our choices and recalculate the
model or reject the model. Although in Table A1 we present the
Virial criterion for a star-only model, this criteria is also satisfied
for star + dark matter models. We only accept models if the Virial
ratio is 0.5000±0.0014.
Finally, we compare our results with those of Wilson (1975)
for the first of his three models, Model A, which he constructed
as representative of NGC 3379. In Figure A1 we show the result
of the comparison for the projected stellar density, as converted
into surface brightness, and for the line-of-sight velocity dispersion
and rotation velocity profiles. For this comparison, we digitised the
corresponding plots from Wilson (1975) and include those results
in our comparison. The agreement is manifestly excellent.
Figure A1. Reproduction of Wilson’s (1975) Model A results using our cal-
culations. In the upper panel we show the surface brightness profile (log I
vs. log r), where I is in units of one 20th mag star per square arcsec and r is
in units of arcsec. In the lower panel we show the projected radial velocity
and velocity dispersion versus radius. The Wilson (1975) data are digitised
from a plot in his paper and shown as the red dotted line. Our calculations,
shown as the green dashed line, match well.
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